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Abstract: Constant dielectric (CD) and distance-dependent dielectric (DDD) functions are the most popular and
widespread in the Molecular Mechanics simulations of large molecular systems. In this article, we present a simple
procedure to derive an effective dielectric constant, �out,eff, for these two methods based on numerical solutions of the
Poisson equation. It was found that because of the very approximate nature of the CD and DDD models there is no
universal �out,eff, which will work equally well for all molecular systems. For example, different MD trajectories of the
same molecule can produce different optimal �out,effs. The DDD function was found to yield better agreement with the
numerical solutions of the Poisson equation than a CD model does. The reason is that a DDD function gives a better
description of the electrostatic interactions at short distances between the atoms. Another interesting finding of this study
is that under certain conditions �out,eff can take negative values for a system of two atoms at a limited distance range.
However, in principle, there is nothing to prevent the �out,eff from taking negative values for specific conformations of
some molecules.
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Introduction

Electrostatic interactions and solvation effects play an important
role in the structure and function of macromolecules in solution.1–5

There are two types of approaches for calculating the electrostatic
energy of the macromolecules in solution in a more or less quan-
titative manner—microscopic and continuum methods. The major
problem in applying microscopic approaches,6–10 such as slow
growth simulations, thermodynamic integration, free energy per-
turbation, or linear response approximation, is that the presence of
the explicit water molecules drastically increases the computa-
tional time for macromolecules such as proteins.

In continuum electrostatic models the solute is treated as a
low-dielectric cavity embedded in a high-dielectric medium rep-
resenting the solvent. The Poisson or Poisson—Boltzmann (PB)
equation is then solved numerically using either finite difference11

or boundary element (BEM)12 methods. Although relatively inex-
pensive computationally, numerical continuum techniques are still
too slow to be practical for the study of processes that require
numerous evaluations of the solvation energy, so a number of
approximate continuum approaches have been developed,13–24

among which the so-called generalized Born (GB) approxima-

tion13–22 seems to be the most promising (see ref. 4 for the review
of GB).

At the low end of the continuum methods are very fast, simple,
and popular solvation models such as constant dielectric (CD) and
distance dependent dielectric (DDD) functions. Although CD and
DDD functions are not based upon rigorous physics, as the Poisson
equation is, they can be easily implemented into molecular me-
chanics programs and provide a fast evaluation of solvation ef-
fects, with the gradients and second derivatives of the electrostatic
energy being readily available. At the same time there is a great
demand for assessing the reliability of CD and DDD functions for
large systems by comparison with the reference solvation energies.
Because of the lack of experimental data on the solvation free
energies for large molecules numerical solutions of the Poisson
equation represent an ideal choice as reference values for the
solvation free energies.14,25,26

In this article we present a simple method to derive the effec-
tive dielectric constants for the CD and DDD models based on
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numerical solutions of the Poisson equation. GB-type models are
the target of our next study, and are beyond the scope of the
present article.

Formulation and Methods

CD and DDD functions

The solvent serves the dual function of solvating each individual
charge of the molecule, which determines the self-energies of the
charges, and screening the interaction between charge pairs. The
electrostatic energy, EEl/static, of a system of charges can be cal-
culated by integrating the energy density u( x�) � D� 2/8��( x�)) of
the electric field over all space:14,27
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R3
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where R3 denotes the infinite three-dimensional Cartesian space,
D� ( x�) is the dielectric displacement, and �( x�) is the position-
dependent dielectric constant. For N charges D� ( x�) is the superpo-
sition of their electric displacements D� ( x�) � � D� i( x�), and the
electrostatic energy splits up into N(N�1)/2 crossterms with D� iD� j
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In the case of a homogeneous dielectric function, the first term
yields the Coulomb interaction energy. The integrals in the second
term diverge for the point charges but after making the assumption
that each charge, qi, is uniformly distributed on the surface of a
sphere with radius Ri the second term, it gives us the sum of the
Born self-energies. So, finally we have:14

EEl/static � �
i�j

qiqj

�rij
� �

i

qi
2

2�Ri
, if ��x�� � � � const (3)

Thus, application of the CD function in molecular simulations
involves the use of two basic approximations. First, one assumes a
homogeneous dielectric constant instead of a position-dependent
one. One may expect that this assumption is partly justified for
small solutes whose atoms are highly exposed to solvent, so that
there is a small departure of the field from the Coulomb one.
However, this assumption is questionable for macromolecules.
The self-solvation energies of the atoms in the molecule are
omitted from consideration in the second approximation. The
atoms’ self-solvation energies depend on the geometry of the
molecule, and can play an important role in conformational
changes.

Contrary to the CD model, which can be derived from the
integration of the Coulomb field, the DDD function represents an
ad hoc assumption in employing the distant-dependent dielectric
constant of the form �rij. Plausible explanations for the use of the
DDD model can include reasoning that even powers of r make a
computationally convenient expression for nonbonded energies28

or that in the regions of the most important interactions from 2 to
5 Å the dielectric constant varies from 2 to 5.28 Also, as in the case
of the CD function, the atoms’ self-solvation energies are omitted
in the DDD approximation.

Another basic approximation of both solvation models is that
they reduce a complex calculation of the molecular solvation free
energy, which is not simply additive and nonpairwise by nature,
and which is dependent on the particular charge distribution,
molecular shape, etc., to the pairwise interactions between the
atoms.

The key questions are how do these approximate models be-
have in the case of macromolecules and what are the optimal
values of �s in both models? To address this problem we choose
the numerical solutions of the Poisson equation as a reference
point to test both approximate methods.

Obtaining the Effective Dielectric Constant

The total electrostatic energy of a molecule in Molecular Mechan-
ics calculations using solvation free energy obtained from the
numerical solution of Poisson equation can be expressed as a sum
of the Coulomb and solvation energies:

EEl/static � E��in�Coul � E��in, �out�Solv (4)

or more specifically:

EEl/static � �
i�j

qiqj

�inrij
� E��in, �out�Solv (4a)

where �in and �out the dielectric constants of solute and solvent,
respectively.

Using accurate electrostatic solvation energies as reference
values we can derive several approaches to obtaining the effective
dielectric constant, �out,eff, for the CD and DDD functions.

The simplest way to evaluate �out,eff is to set an approximate
total electrostatic energy equal to the reference total electrostatic
energy. So, for the CD function we have:

�
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It immediately follows that
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By analogy we have for the DDD function:
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The reference solvation energy in eqs. (6) and (7) is always a
negative value while the Coulomb terms can take either negative
or positive values. As a result, we can obtain either negative or
positive values for the �out,eff. In the present study, we used this
approach in a modified form to calculate �out,eff for a simple
system of two atoms. In the modified expressions we subtracted
the Born energies of the isolated atoms from the reference solva-
tion energies, E(�in,�out)Solvs, to be consistent with the CD and
DDD total electrostatic energies that do not contain self-solvation
terms.

Another approach for calculating �out,eff is to use the relative
solvation energies rather than absolute ones. The rationale for
deriving �out,eff from the relative solvation energies is that for the
Molecular Dynamics and optimization techniques a change in
solvation energy is more important than its absolute value. To
extract “solvation” energies from the CD and DDD models we can
rewrite expressions for the total electrostatic energies using the
Poisson solvation energy, CD, and DDD functions as follows:
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Coulomb Energy “Solvation” Energy

There is an analogy between the Poisson solvation energy and the
terms responsible for the solvation in the energy expressions for
the CD and DDD functions.

Now, for N conformations of a given molecule we can con-
struct an error function to calibrate an effective �out,eff for the CD
or DDD models against the reference solvation energies at given
�in and �out:

Err��out,eff�

�

�
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j�i�1

N

���G��in, �out�ij,Ref � ��G��in, �out,eff�ij,Approx�
2

N�N � 1�/2
(11)

where ��G(�in,�out)ij,Ref is a difference in the absolute electro-
static solvation energies between the ith and jth conformations of
the molecule using the reference method, i.e.,

��G��in, �out�ij,Ref � �G��in, �out�i,Ref � �G��in, �out�j,Ref (12)

��G(�in,�out,eff)ij,Approx has the same meaning as ��G(�in,�out)ij,Ref

but �G(�in,�out,eff)i,Approx and �G(�in,�out,eff)j,Approx are calculated
using “solvation” energy terms for either the CD or DDD function.

Taking into account that at optimal value of �out,eff
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and

�Eij � Ei � Ej

�Kij � Ki � Kj

where Ei and Ki are Coulomb energies of the molecule at the
dielectric constants 1 and rij, respectively.

In the majority of force fields the Coulomb energy is calculated
only for the atoms participating in 1� 4 interactions (1–4 inter-
actions as well as beyond 1–4 ones), with the 1–4 ones being
scaled by a factor. So, in such force fields Ei and Ki are expressed
as:

E � �1	4
qiqj

rij
� F �1�4

qiqj

rij
(15a)

K � �1	4
qiqj

rij
2 � F �1�4

qiqj

rij
2 (15b)

where F is a scaling factor. So, changes in bond lengths and angle
values are not reflected in the CD and DDD “solvation” energies
what introduces another source of errors is the calculation of the
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Coulomb energy in the AMBER-like29 force fields. The use of a
cutoff in the Molecular Mechanics simulations introduces an ad-
ditional source of errors in calculating the “solvation” energies.

In the case of CD model we can also derive �out,eff by linear
regression, i.e., for N conformations of a given molecule we need
to minimize the function:

f�a, b� � �
i�1

N

��Gi,Ref � �a�Gi,CD � b��2 (16)

where �Gi,Ref is a reference solvation energy and �Gi,CD is a CD
“solvation” one. Finally, we have

�out,eff �
1

a �
1
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1

N �N Ei �N Ei � �N Ei
2

(17)

where Ei is the Coulomb energy of the system when the dielectric
constant is equal to 1. For our test systems, eq. (17) gave similar
values of �out,eff to those calculated using eq. (13), so we reported
results for the CD models using eq. (13).

Reference Electrostatic Solvation Free Energy Calculations

The reference electrostatic solvation free energies were calculated
using a boundary element solution of the Poisson equation. The
reaction field energies were computed using the BRI BEM pro-
gram30,31 and the SIMS molecular surface program.32 The atomic
radii used for reaction field energy calculations were taken from

Table 1. �out,eff for Ace-( Ala)10-Nme Calculated from 100 Snapshots Taken Along the
MD Trajectories at 100-fs Intervals. Reference BEM solvation energies were calculated at �in/�out, 1/78.5.
No cutoff was used for the electrostatic interactions.

Trajectory N

CD function DDD function

�out,eff
a Err(�out,eff)

b Err(78.5)b �out,eff
c Err(�out,eff)

b Err(4)b

1 1.60 30.07 68.51 3.06 12.21 12.37
2 1.41 42.98 132.65 1.76 9.22 13.50
3 1.43 44.17 121.39 1.35 55.51 85.00
4 1.81 15.75 30.69 1.66 5.86 8.92
5 1.20 51.76 214.71 0.80 33.14 64.01
Mean 1.49 36.95 113.59 1.73 23.19 36.76

a�out,eff is calculated using eq. (13).
bError is calculated using error function (11).
c�out,eff is calculated using eq. (14).

Table 2. �out,eff for Ace-( Ala)10-Nme Calculated from 100 Snapshots Taken Along
the MD Trajectories at 100-fs Intervals. Reference BEM solvation energies were calculated at �in/�out,
2/78.5.

Trajectory N

CD function DDD function

�out,eff
a Err(�out,eff)

b Err(78.5)b �out,eff
c Err(�out,eff)

b Err(4)b

1 3.13 7.28 16.93 5.72 2.97 3.11
2 2.77 10.28 32.68 3.40 2.21 2.29
3 2.79 10.54 29.98 2.63 13.58 15.67
4 3.53 3.75 7.51 3.21 1.40 1.49
5 2.37 12.44 52.99 1.58 8.31 12.86
Mean 2.92 8.86 28.02 3.31 5.69 7.08

a�out,eff is calculated using eq. (13).
bError is calculated using error function (11).
c�out,eff is calculated using eq. (14).
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the AMBER 4.1 van der Waals radii29 with two modifications: the
radius of polar hydrogens was set to 1.0 Å, and the radius of the
carboxylate oxygen was reduced to 1.5 Å. A dielectric constant of
78.5 was applied for the exterior medium (solvent water). We used
either 1 or 2 for a dielectric constant for the solute interior.

Test Sets

Our test set for calculation of �out,eff included one peptide, Ace-
Ala10-Nme, and two globular proteins, crambin (1crn, 632 atoms)
and insuline (2ins, 1480 atoms). Coordinates of 1crn and 2ins were
taken from the Brookhaven protein data bank.33

At a given combination of �in/�out (1/78.5 or 2/78.5) for the
reference solvation energy calculation we performed five 10 ps
Molecular Dynamics simulations at 300 K with 1-fs time steps for
each molecule using either the CD or DDD function with �out

equal to 78.5 or 4rij, respectively. BEM solvation energy was
calculated at 100-fs intervals and after accumulation of 100 suc-
cessive snapshots and corresponding BEM energies �out,eff was
calculated for the CD or DDD function using either eq. (13) or
(14).

In the case of Ace-Ala10-Nme, a fully extended peptide con-
formation was used as an initial structure for the MD simulation,
so �out,eff was calculated each time over a range of very different
conformations, with the root-mean-square deviations (RMSD)
from the time-averaged structures fluctuating between 3.0 and 4.0
Å, depending on the trajectory. In the case of globular proteins
RMSDs were smaller, 1.5–1.9 and 1.7–2.3 Å for crambin and
insuline, respectively.

Results and Discussion

Tables 1–6 show effective dielectric constants for the CD and
DDD models obtained from the MD trajectories of three molecules
using BEM solvation energies as reference ones at two different
combinations of �in/�out, 1/78.5 and 2/78.5. No cutoff was used for
calculation of the electrostatic energies. �out,effs in all cases were
calculated using eqs. (13) and (14), and corresponding errors in
predicting the relative solvation energies were estimated according
to the error function (11).

Table 3. �out,eff for Crambin Calculated from 100 Snapshots Taken Along the
MD Trajectories at 100-fs Intervals. Reference BEM solvation energies were calculated at �in/�out, 1/78.5.

Trajectory N

CD function DDD function

�out,eff
a Err(�out,eff)

b Err(78.5)b �out,eff
c Err(�out,eff)

b Err(4)b

1 1.14 388.53 1229.75 1.49 142.85 296.91
2 1.87 421.66 814.45 1.42 77.95 266.95
3 3.25 313.23 395.87 1.28 156.28 299.69
4 1.22 534.47 1113.85 1.35 154.43 290.20
5 1.17 354.94 1182.49 1.20 186.28 366.59
Mean 1.73 402.57 947.28 1.3480 143.56 304.07

a�out,eff is calculated using eq. (13).
bError is calculated using error function (11).
c�out,eff is calculated using eq. (14).

Table 4. �out,eff for Crambin Calculated from 100 Snapshots Taken Along the
MD Trajectories at 100-fs Intervals. Reference BEM solvation energies were calculated at �in/�out, 2/78.5.

Trajectory N

CD function DDD function

�out,eff
a Err(�out,eff)

b Err(78.5)b �out,eff
c Err(�out,eff)

b Err(4)b

1 2.26 93.49 299.83 2.92 34.13 41.57
2 3.65 99.31 197.64 2.79 18.67 29.43
3 6.14 74.91 96.42 2.53 37.21 48.12
4 2.42 127.22 269.27 2.66 37.34 46.32
5 2.33 84.73 288.66 2.37 44.58 60.30
Mean 3.3600 95.9320 230.3640 2.6540 34.3860 45.1480

a�out,eff is calculated using eq. (13).
bError is calculated using error function (11).
c�out,eff is calculated using eq. (14).
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It is very interesting to note that the CD constant never reaches
the value of bulk water and takes values typical for organic
solvents, with the �out,eff being lower for the combination of
�in/�out equal to 1/78.5. In the case of the DDD model we do not
see any unexpected results and with the exception of insuline at
2/78.5 �out,eff is in the range 1.3*rij � 4.4*rij. Finally, it should be
emphasized that in general the DDD model shows a better agree-
ment with the reference BEM values than the CD one. Scatter plots
of the relative approximate “solvation” energies vs. the relative
reference ones at a combination of �in/�out equal to 1/78.5 are
shown in Figures 1–6. Only the trajectory giving the smallest error
was chosen for each molecule. One can see again that the DDD
model gives better agreement in predicting the relative BEM
solvation energies than the CD one. For comparison Figures 7 and
8 show scatter plots for the two trajectories of insuline that give the
largest errors in reproducing the relative BEM solvation energies
using CD and DDD models, respectively. Again, we see better
behavior in the case of the DDD function.

Dependence of the CD and DDD models on the cutoff is shown
in Tables 7 and 8 for crambin and insuline. As might be expected,
the errors in predicting the relative BEM solvation energies are

larger in the case of calculations with a cutoff. The only exception
is for crambin using the CD function. Most likely it is caused by
a fortunate cancellation of the errors.

Thus, the results indicate that the DDD function gives the best
agreement with the BEM method in reproducing the relative
electrostatic solvation energies. The findings of other stud-
ies25,26,34 vary from one investigator to another. Edinger et al.25

compared solvation free energies obtained from the DDD function
(� � rij), Generalized Born approximation, and accurate solutions
of the Poisson equation for a large data set of peptide structures,
ranging from a single amino acid to a peptide sequence of length
nine. They concluded that the DDD model yields qualitatively
erroneous results.25 Given and Gilson34 examined five different
dielectric models, CD (� � 1, 4, or 80), DDD (� � 4rij), and GB
for selecting the correct ligand conformations for three complexes
with known crystal structure. The DDD model was found to be the
best electrostatic screening function of those tested.34 David et
al.26 concluded that although using the DDD model is probably
preferable to complete neglect of the electrostatic influence of
water, it is a very crude approximation whose chief virtue is
computational speed.

Table 5. �out,eff for Insuline Calculated from 100 Snapshots Taken Along the
MD Trajectories at 100-fs Intervals. Reference BEM solvation energies were calculated at �in/�out, 1/78.5.

Trajectory N

CD function DDD function

�out,eff
a Err(�out,eff)

b Err(78.5)b �out,eff
c Err(�out,eff)

b Err(4)b

1 s 3338.39 3730.84 10.18 1186.14 1236.44
2 1.81 1304.15 3343.87 2.58 1120.68 1151.46
3 1.92 5143.64 6230.22 1.54 1612.12 1860.39
4 1.79 1403.76 3150.79 2.88 564.82 575.12
5 1.62 1322.09 3728.54 5.00 1134.29 1146.32
Mean 2.06 2502.41 4036.85 4.4360 1123.6100 1193.9460

a�out,eff is calculated using eq. (13).
bError is calculated using error function (11).
c�out,eff is calculated using eq. (14).

Table 6. �out,eff for Insuline Calculated from 100 Snapshots Taken Along the
MD Trajectories at 100-fs Intervals. Reference BEM solvation energies were calculated at �in/�out, 2/78.5.

Trajectory N

CD function DDD function

�out,eff
a Err(�out,eff)

b Err(78.5)b �out,eff
c Err(�out,eff)

b Err(4)b

1 6.03 807.53 907.16 17.23 288.04 368.53
2 3.56 314.95 820.23 4.94 270.14 273.82
3 3.82 1231.28 1494.01 3.02 385.77 395.96
4 3.51 335.17 769.16 5.40 134.61 139.18
5 3.17 319.15 922.44 8.84 269.65 360.05
Mean 4.0180 601.6160 982.6000 7.8860 269.6420 307.5080

a�out,eff is calculated using eq. (13).
bError is calculated using error function (11).
c�out,eff is calculated using eq. (14).
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Such controversy in the results is not surprising taking into ac-
count the very approximate nature of the CD and DDD models. For
example, our data (Tables 1–6) show that even different MD trajec-

tories of the same molecule can produce different errors in the relative
solvation energies and different optimal �out,effs. The data also indi-
cate that there is no universal �out,eff, which will work equally well for

Figure 1. Scatter plot of the relative CD “solvation” energies (in kcal/
mol) vs. BEM ones for Ace-(Ala)10-NMe. The trajectory giving the
smallest error in the relative solvation energies was chosen, r2 � 0.0460.

Figure 2. Scatter plot of the relative DDD “solvation” energies (in
kcal/mol) vs. BEM ones for Ace-(Ala)10-NMe. The trajectory giving the
smallest error in the relative solcation energies was chosen. r2 � 0.672.

Figure 3. Scatter plot of the relative CD “solvation” energies (in
kcal/mol) vs. BEM ones for crambin. The trajectory giving the small-
est error in the relative solvation energies was chosen. r2 � 0.576.

Figure 4. Scatter plot of the relative DDD “solvation” energies (in
kcal/mol) vs. BEM ones for crambin. The trajectory giving the small-
est error in the relative solvation energies was chosen. r2 � 0.716.
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all molecular systems. It is worth noting in this respect that none of the
mentioned studies25,26,34 pursued an improvement in the accuracy of
the CD or DDD model by reparametrizing for the systems studied.

Two Charges Model

To gain greater insight into behavior of approximate models we
calculated the total electrostatic energies using different ap-

Figure 5. Scatter plot of the relative CD “solvation” energies (in
kcal/mol) vs. BEM ones for insuline. The trajectory giving the smallest
error in the relative solvation energies was chosen. r2 � 0.536.

Figure 6. Scatter plot of the relative DDD “solvation” energies (in
kcal/mol) vs. BEM ones for insuline. The trajectory giving the smallest
error in the relative solvation energies was chosen. r2 � 0.804.

Figure 7. Scatter plot of the relative CD “solvation” energies (in
kcal/mol) vs. BEM ones for cranbin. The trajectory giving the smallest
error in the relative solvation energies was chosen. r2 � 0.333.

Figure 8. Scatter plot of the relative DDD “solvation” energies (in
kcal/mol) vs. BEM ones for insuline. The trajectory giving the smallest
error in the relative solvation energies was chosen. r2 � 0.461.
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proaches for the simplest model consisting of two atoms having
the same radii and the opposite charges of 0.5 and �0.5. All the
calculations were done at the combination of �in/�out, 1/78.5. Two
different radii sets were used for the calculation of BEM solvation
energies, with the first one, 2 Å, falling within the radius of the
carbon atom. This model corresponds to the case of small or
unfolded molecules with atoms highly exposed to the solvent. In
this instance, effective Born radii of the atoms are around the same
as Born radii of the isolated atoms (in our case Born radii are equal
to the van der Waals radii of the atoms). In another calculation we
used radii equal to 3 Å for both atoms, which corresponds to a
folded globular molecule where the effective Born radii of the
atoms are larger than their van der Waals ones. Total electrostatic
energies (Coulomb plus solvation) according to different models
for a system of two charges vs. interatomic distance are shown in
Figure 9. �out,effs at each point were calculated using modified eqs.
(6) and (7). To be more consistent with the CD and DDD models,
we subtracted Born energies of isolated atoms from the BEM
solvation energies, E(�in,�out)Solv, in modified equations.

What we can see from Figure 9 is that the CD model at �out �
78.5 gives a wrong description of electrostatic interaction at close
distances between the atoms. The discrepancy is more pronounced
in the case of atomic radii of 3 Å, which corresponds to the
situation of a folded molecule. Contrary to the CD function, the

DDD model yields a good agreement with BEM complemented
electrostatic energies.

At a glance the CD model with �out � 2 gives a very poor
description of electrostatic interaction over a wide range of inter-
atomic distances. However, contrary to the CD function with
�out � 78.5, which practically completely screens electrostatic
interaction, at �out � 2 the CD model better reproduces a change
in total electrostatic energy that can even be seen visually. This is
the reason why we got low values of �out,eff for our test systems
after fitting them against the relative BEM solvation energies.

Can �out,eff Be Negative?

As we have seen above, the effective dielectric constant in CD and
DDD models accounts for many effects of the total electrostatic
energy of the solute in solvent, i.e., this sole parameter effectively
includes nonadditivity of the electrostatic solvation free energy
and different polarizabilities of solvent and solute among others.
As a result, the effective dielectric constant of water can take
values which correspond to those of nonpolar organic compounds,
as happens with the CD function. Now we can further address the
problem and ask whether �out,eff can take unphysical values. In the
general case it will depend on at least two main factors, namely,

Table 7. No Cutoff vs. 8-Å Cutoff for the CD Function.

Molecule �in/�out Cutoff Mean �out,eff
a Mean Err(�out,eff)

b Mean Err(78.5)b

Crambin 1/78.5 No 1.73 402.57 947.28
8 Å 1.44 371.02 1168.54

2/78.5 No 3.36 95.93 230.36
8 Å 3.14 79.03 236.36

Insuline 1/78.5 No 2.06 2502.41 4036.85
8 Å 2.16 3484.45 6437.13

2/78.5 No 4.02 601.62 982.60
8 Å 3.21 718.83 1870.73

Mean �out,effs and corresponding errors are from five MD trajectories at different �in/�out.
a�out,eff is calculated using eq. (13).
bError are calculated using error function (11).

Table 8. No Cutoff vs. 8-Å Cutoff for the DDD Function.

Molecule �in/�out Cutoff Mean �out,eff
a Mean Err(�out,eff)

b Mean Err(4)b

Crambin 1/78.5 No 1.35 143.56 304.07
8 Å 1.22 420.19 651.69

2/78.5 No 2.65 34.39 45.15
8 Å 2.39 104.11 132.12

Insuline 1/78.5 No 4.44 1123.61 1193.95
8 Å 9.91 3203.40 3386.34

2/78.5 No 7.89 269.64 307.51
8 Å 12.42 785.75 832.52

Mean �out,effs and corresponding errors are from five MD trajectories at different �in/�out.
a�out,eff is calculated using eq. (14).
bError are calculated using error function (11).
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how shall we calculate �out,eff and what shall we take as reference
values.

If we look again at Figure 9 we notice that the curve of the total
electrostatic energy for one of our reference systems with atomic
radii of 2 Å slightly crosses the zero energy level and takes small
positive values. The “local” values of �out,eff at each interatomic
distance calculated using eqs. (6) and (7) after subtracting Born
energies of isolated atoms from the total BEM energies are shown
in Table 9. We see very interesting behavior of �out,eff in the
interatomic range from 4 to 5 Å for the atoms with a radius of 2 Å.
First, �out,eff takes very high values in both the CD and DDD
models and then becomes negative. To gain greater insight into
such “unphysical” behavior of �out,eff one needs to take a look at
how the surface is calculated in our BEM method. It makes use of
molecular surface (see Fig. 10) because we feel that it is superior
to both van der Waals and solvent-accessible surfaces in capturing
the desolvation processes. As the distance between the two sphere
surfaces goes below one solvent diameter, the molecular surface
begins to balloon out along the approach axis (see Figs. 10 and 11),
which results in a larger total molecular surface area then that for
the isolated atoms (Fig. 11). This leads to slightly unfavorable
interaction energy according to BEM and, as a result, to a negative
�out,eff. The last two columns of Table 9 show �out,effs calculated
using a van der Waals surface. In this case �out,effs do not take
negative values.

In our case a negative �out,eff might arise from using the
molecular surface for the BEM solvation energy calculations.

Table 9. Effective Dielectric Constants for the CD and DDD Models for Two Charges within Spheres of
Different Radii (R, in Å).

Interatomic distance

�out,eff

Molecular surfacea VDW surface

CD model DDD model CD model DDD model

R � 2 Å R � 3 Å R � 2 Å R � 3 Å R � 2 Å R � 2 Å

1.0 1.83 1.46 1.83 1.46 1.83 1.83
1.5 2.69 1.83 1.80 1.22 2.73 1.82
2.0 4.30 2.36 2.15 1.18 4.23 2.11
2.5 7.80 3.12 3.12 1.25 7.78 3.11
3.0 15.99 4.34 5.33 1.45 16.37 5.46
3.5 48.78 6.17 13.94 1.76 28.71 8.20
4.0 410.09 9.22 102.52 2.31 34.57 8.64
4.5 4745.29 15.08 1054.51 3.35 41.57 9.24
5.0 �322.50 29.21 �64.50 5.84 88.11 17.62
5.5 84.52 66.04 15.37 12.01 80.04 14.55
6.0 125.35 125.35 20.89 20.89 86.28 14.38
6.5 87.64 194.25 13.48 29.88 94.10 14.48
7.0 96.28 96.28 13.75 13.75 96.28 13.75
8.0 73.98 49.36 9.25 6.17 73.98 9.25
9.0 86.28 78.90 9.59 8.77 86.28 9.59
10.0 79.66 72.68 7.97 7.27 79.66 7.97
15.0 83.67 64.25 5.58 4.28 83.67 5.58
20.0 98.57 66.84 4.93 3.34 98.57 4.93

Modified expressions (6) and (7) were used for calculating �out,eff at each interatomic distance.
aSee definition of molecular surface in Figure 10.

Figure 9. Total electrostatic energies (in kcal/mol) according to different
models for a system of two charges vs interatomic distance. To be more
consistent with the CD and DDD total electrostatic energies the Born
energies of isolated atoms are subtracted from BEM solvation energies.
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Another source of a negative �out,eff might come from numerical
error in solving the Poisson equation. On the other hand, the
negative �out,eff values can be understood from the physical point
of view. At a certain critical distance between two charged atoms
of a particular radius the structure of the hydration shells is
disrupted as a result of a solvation–desolvation process that leads
to unfavorable solvation energy. In any case, even if the phenom-
enon of a negative �out,eff for two ions in solution takes place in
real systems it can only occur in a small distance range and at
certain radii of solute and solvent atoms.

Table 9 also shows that an ideal dielectric function must
account for both short- and long-range interactions, giving low
dielectric constants at short distances and screening enough above
5–7 Å. Another plausible candidate for this role (in addition to the
CD and DDD functions) is a sigmoidal distant-dependent dielec-
tric function.21,35–37 However, it is beyond the scope of the present
study.

Adaptive Fitting

As we have seen, the parameter �out,eff in the CD and DDD models
absorbs all the solvation effects and varies from system to system
and even for the different MD trajectories of the same molecule. It
would be unlikely to have a single value that works best for all
molecules and for all packing configurations. Thus, �out,eff can be
refitted periodically as the molecular conformation changes during
a molecular dynamics or Monte Carlo simulation.

Taking into account that in the case of optimization, MD, or
Monte Carlo simulations we are more interested in the relative
change of the solvation energy rather than in its absolute value, the
form of the error function (11) suggested here may be a promising
candidate for refitting �out,eff. Recalibration of the �out,eff can be
done “on the fly” at the beginning or in the course of the simula-
tion.

Conclusions

We have described an approach for evaluating an effective dielec-
tric constant for both the CD and DDD models making use of
BEM solvation free energies as reference ones, with the emphasis
on reproducing the relative changes in the solvation energies
during the simulation. Such an approach seems to be more appro-

priate for CD and DDD approximate methods intended to be used
in Monte Carlo, MD, or optimization techniques. An adaptive
fitting procedure may be used for further improvement in the
description of the electrostatic energy for a particular molecule
during the simulation. Fitting against the relative electrostatic
solvation energies is a quite general approach, and it can be applied
for calibration of any other approximate method.

The DDD function was found to be in better agreement with
BEM solvation energies than a CD one because of a better de-
scription of the electrostatic interactions at short distances between
the charges.

One interesting finding of this study was that, under certain
conditions, the effective dielectric constant in both the CD and
DDD models can take negative values. This was demonstrated for
a system of two charged atoms at a particular distance range.
However, in principle, there is nothing to prevent the �out,eff from
taking negative values for specific conformations of some mole-
cules.
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